Background {#Sec1}
==========

Non-coding RNA (ncRNA) affects many aspects of gene expression, regulation of epigenetic processes, transcription, splicing, and translation  \[[@CR14]\]. It has been observed that in eukaryotic genomes the ncRNA function is more clearly understood from the structure of the molecule, than from sequence alone. While there have been advances in methods that provide structure experimentally, the need for computational prediction has grown as the gap between sequence availability and structure has widened. In general, RNA folding is a hierarchical process in which tertiary structure folds on top of thermodynamically optimal[1](#Fn1){ref-type="fn"} secondary structure, secondary structure is a key component of structure prediction \[[@CR14]\].
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                \begin{document}$$O(n^3)$$\end{document}$-time dynamic programming algorithms were developed more than thirty years ago to find non-crossing secondary structure of a single RNA molecule with *n* bases  \[[@CR22], [@CR23], [@CR27], [@CR29], [@CR38], [@CR39]\]. We call this basic folding or single sequence folding (SSF) problem. In addition, McCaskill \[[@CR19]\] created an $\documentclass[12pt]{minimal}
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                \begin{document}$$O(n^3)$$\end{document}$-time algorithm for the *partition function* for RNA secondary structure. Based on these algorithms, software has been developed and widely used  \[[@CR15], [@CR16], [@CR25], [@CR36], [@CR37]\]. Probabilistic methods, employing Stochastic context-free grammar (SFCG), were also developed to solve the basic folding problem  \[[@CR7], [@CR8]\].

The accuracy of all these methods is based on the parameters given by the scoring function. Thermodynamic parameters \[[@CR17], [@CR18], [@CR28], [@CR33]\] and statistical parameters  \[[@CR6], [@CR7]\], or a combination of the two \[[@CR2], [@CR13]\] are currently employed.

The Valiant  \[[@CR1], [@CR34]\], Sparsification  \[[@CR4], [@CR30]\], and the Four-Russians (FR)  \[[@CR9], [@CR24]\] methods where previously applied to improve on the computation time for secondary structure prediction. For SSF, the Valiant method achieves the asymptotic time bound of $\documentclass[12pt]{minimal}
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                \begin{document}$$O\left(\frac{n^3}{2^{\Omega {\log (n)}}}\right)$$\end{document}$ by incorporating the current fastest min/max-plus matrix multiplication algorithm  \[[@CR32], [@CR34]\]. The Four-Russians method was applied to single sequence \[[@CR10], [@CR24]\], cofolding \[[@CR11]\] and pseudoknotted \[[@CR12]\] folding problems. The Sparsification method, was developed to improve computation time in practice for a family of RNA folding problems, while retaining the optimal solution matrix \[[@CR4], [@CR20], [@CR21], [@CR26], [@CR30], [@CR35]\].

Methods {#Sec2}
=======

In this paper, we combine the Four-Russians method  \[[@CR24]\] and the Sparsification method  \[[@CR4]\]. While the former method reduces the algorithm's asymptotic running time to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Theta \left(\frac{n^3}{\log ^2 n}\right)$$\end{document}$, the latter eliminates many redundant computations. To combine these methods, we use an *on-demand* tabulation (instead of a preprocessing approach which is typically applied in FR algorithms), removing any redundant computation and guaranteeing the combined method is at least as fast as each individual method, and in certain cases even faster. First, we reformulate SSF Four-Russians $\documentclass[12pt]{minimal}
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                \begin{document}$$\Theta \left(\frac{n^3}{\log ^2 n}\right)$$\end{document}$-time algorithm \[[@CR24]\] to utilizes *on-demand* lookup table creation. Second, we combine the fastest Sparsification and Four-Russians SSF speedup methods. The Sparse Four Russians speedup presented here leads to a practical and asymptotically fastest combinatorial algorithm (even in the worst-case). The new algorithm has an $\documentclass[12pt]{minimal}
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                \begin{document}$$O(\tilde{L}\tilde{Z})$$\end{document}$ run time where $\documentclass[12pt]{minimal}
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                \begin{document}$$\frac{{LZ}}{\log ^2 n}\le \tilde{L}\tilde{Z} \le \min \left( \frac{n^3}{\log ^2 n}, {LZ}\right) $$\end{document}$. In practice, when accounting for every comparison operation the Sparse Four Russians outperforms both the Four-Russians and Sparsification methods. Third, we extended the Four-Russian SSF algorithm to be computed in $\documentclass[12pt]{minimal}
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                \begin{document}$$O(n^2/\log ^2n)$$\end{document}$-time. The simulated results for this formulation and *O*(*n*) processors achieve a practice speedup on the number of comparison operations performed.

Results {#Sec3}
=======

Problem definition and basic algorithm {#Sec4}
--------------------------------------
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                \begin{document}$$\Sigma = \{A,U,C,G\}$$\end{document}$, such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$$s_i s_{i+1} \ldots s_{j-1}$$\end{document}$. We note that for simplicity of exposition substring $\documentclass[12pt]{minimal}
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                \begin{document}$$s_{i,j}$$\end{document}$ does not contain the nucleotide *j*. A *folding* (or a *secondary structure*) of *s* is a set *M* of position pairs (*k*, *l*), such that: (1) $\documentclass[12pt]{minimal}
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                \begin{document}$$k \le k' \le l \le l'$$\end{document}$ (i.e. each position participates in at most one pair, and the pairs are non-crossing).
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                \begin{document}$$\beta (i,j)$$\end{document}$ return a score associated with position pair (*i*, *j*). Let $\documentclass[12pt]{minimal}
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                \begin{document}$$\varvec{L}(s, M)$$\end{document}$ be the score associated with a folding *M* of RNA string *s*, and let *L*(*s*) be the maximum score $\documentclass[12pt]{minimal}
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                \begin{document}$$\varvec{L}(s, M)$$\end{document}$ over all foldings *M* of *s*. The **RNA Folding** or SSF problem is: given an RNA string *s*, compute *L*(*s*), and find an optimal folding *M* such that $\documentclass[12pt]{minimal}
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                \begin{document}$$L(s,M)=L(s)$$\end{document}$. In this work, we assume the following simple scoring scheme:$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} L(s, M) = \sum _{(i,j) \in M} {\beta (i,j)}, \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$\beta (i,j) = 0$$\end{document}$ otherwise. Richer scoring schemes allow more biologically significant information to be captured by the algorithm. However, the algorithms for solving the problem similar recurrences and other discrete scoring schemes may be accelerated in a similar way to what we present here.
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                \begin{document}$$s_{i,j}$$\end{document}$, an index $\documentclass[12pt]{minimal}
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                \begin{document}$$k \in (i,j)$$\end{document}$ is called a *split point* in *M* if for every $\documentclass[12pt]{minimal}
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                \begin{document}$$s_{i,j}$$\end{document}$) if there exists at least one split point; otherwise *M* is called a *co-terminus folding*. Let the matrix *L* be a matrix such that $\documentclass[12pt]{minimal}
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                \begin{document}$$L[i,j] = L(s_{i,j})$$\end{document}$. In addition, let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varvec{L^p[i,j]}$$\end{document}$ be the maximum value of $\documentclass[12pt]{minimal}
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                \begin{document}$$\varvec{L^c[i,j]}$$\end{document}$ be the maximum value of $\documentclass[12pt]{minimal}
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                \begin{document}$$L(s_{i,j}, M)$$\end{document}$ taken over all co-terminus foldings *M* of $\documentclass[12pt]{minimal}
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The above recurrence may be efficiently implemented using a dynamic programming (DP) algorithm. Essentially, the DP algorithm computes and maintains values of the form $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$L[i, j], L^p[i, j]$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$L^c[i, j]$$\end{document}$ for every $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$0 \le i \le j \le n$$\end{document}$ in three $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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Extending the notation and moving towards a vector by vector computation of *L* {#Sec5}
-------------------------------------------------------------------------------

For a matrix *A* and some integer intervals *I*, *J*, denote by *A*\[*I*, *J*\] the sub-matrix of *A* obtained by projecting it onto the row interval *I* and column interval *J*. When $\documentclass[12pt]{minimal}
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### **Definition 1** {#FPar1}

For a set of integers *K*, define the notation $\documentclass[12pt]{minimal}
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We divide the solution matrix *L* in two ways: $\documentclass[12pt]{minimal}
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Sparsification of the SSF algorithm {#Sec6}
-----------------------------------

The Sparsification method achieves a speedup by reducing the number of split points examined during the computation of $\documentclass[12pt]{minimal}
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### OCT and STEP sub-instances of sequence *s* {#Sec7}
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#### **Fact 1** {#FPar2}
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On-demand Four Russians speedup {#Sec8}
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### *MUL lookup table* {#Sec9}

Based on Observation [1](#FPar3){ref-type="sec"}, any column vector in matrix *L* is 2-discrete. Given vector $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$L[K_g,j]$$\end{document}$ and its $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Delta $$\end{document}$*-encoding* ($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x_0=L[gq,j]$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Delta _x= \Delta _{L[K_g,j]}$$\end{document}$), it is clear that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Delta _x \in [0,2^q-1]$$\end{document}$.

#### **Fact 2** {#FPar4}
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Sparse Four-Russian method {#Sec12}
==========================

With the Four-Russians method, a speedup is gained by reducing *q* split point index comparisons for *q* subsequences to a single *O*(1) time lookup. The Sparsification method reduces the comparison to only those indices which correspond to *STEP*--*OCT* folds.

*STEP--OCT* condition for sets of split points {#Sec13}
----------------------------------------------
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The following notation will be used to help determine if a split point Kgroup should be examined in the computation.

### *OCT subcolumn vector* {#d30e10001}
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Discussion {#Sec14}
==========

Asymptotic analysis of sparsified Four-Russians. {#Sec15}
------------------------------------------------
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Asymptotic analysis of on-demand lookup tables calculation {#Sec16}
----------------------------------------------------------
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Empirical results {#Sec17}
-----------------

We tested 20 randomly generated sequences for each size $\documentclass[12pt]{minimal}
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The empirical testing results are given not in seconds but in the number of operations including both lookup table creation and split-point comparisons. We do so to abstract from the effect compiler optimizations. Note that the testing does not account for memory access time, or extend the algorithm to $\documentclass[12pt]{minimal}
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                \begin{document}$$N=128$$\end{document}$ the Sparse Four-Russians(SFR) algorithm performs 25 % less comparisons than the Sparsified(SP) SSF algorithm and 80 % less comparison than the Four-Russians (FR) algorithm. In all test cases, the Sparse Four-Russians performed better than the minimum of either method alone.
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Lets solve the recurrence relation (Eq. [1](#Equ1){ref-type=""}--[3](#Equ3){ref-type=""}) in increasing index *j* order and then move up the column *j* computing one cell at a time in decreasing *i* order. Each cell *L*\[*i*, *j*\] is solved by calculating Eq. [1](#Equ1){ref-type=""}--[3](#Equ3){ref-type=""} for all $\documentclass[12pt]{minimal}
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Given this *j*, *i*, *k* order, let us reformulate the computation by moving up each column in *O*(*n*/*q*) *q*-size subcolumn vectors instead of *n* cells.

### Utilizing *n* processors {#Sec19}

Lets create a new process for each column *j*, creating *n* process in total. We can synchronously move up the matrix computing each column subvector such that on iteration *d* we compute $\documentclass[12pt]{minimal}
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#### Invariant 1 {#FPar10}
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Please note that the function *complete* assumes that $\documentclass[12pt]{minimal}
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The preprocessing can also be achieve in parallel reducing the asymptotic cost form $\documentclass[12pt]{minimal}
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### Parallel sparisified Four-Russians single sequence folding algorithm {#Sec20}
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The parallel algorithm would take as long as would take as a it takes for the last processor to complete.

In order to extend the parallel Four-Russians single sequence folding algorithm to utilize the Sparsification speedup we will limit the call to *MUL* table only if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$sigSTEP(L[I_{g_i},K_g]) \odot sigOCT(L[K_g,j]) >0$$\end{document}$. As result given $\documentclass[12pt]{minimal}
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Conclusion {#Sec21}
==========

This work combines the asymptotic speedup of Four-Russians with the very practical speedup of Sparsification. The on-demand formulation of the Four-Russians not only removes all extraneous computation. This approach allows the Four-Russians SSF to achieve a speedup in practice for realistic scoring schemes. This also leads us to take advantage of the sparsity properties. Through asymptotic analysis and empirical testing on the base-pair maximization variant and a more biologically informative scoring scheme, we show that the Sparse Four-Russians framework is able to achieve a speedup on every problem instance, that is asymptotically never worse, and empirically better than achieved by the minimum of the two methods alone. We also showed that through some re-organization we could apply the Four-Russians speedup to parallel algorithm and achieve and asymptotic time of $\documentclass[12pt]{minimal}
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                \begin{document}$$O(n^2/\log ^2 n)$$\end{document}$. The algorithm created here can be implemented in CUDA to compute on multiprocessor GPUs. Because the algorithm allows for memory cell independence one can apply memory and cache optimization without affecting the algorithm. The utility in this framework lies not only on its ability to speedup single sequence folding but its ability to speedup the family of RNA folding problems for which both Sparsification and Four-Russians have bene applied separately.

Future work in this area would be to examine the ability to sparsify memory \[[@CR3]\], as Four-Russians at worst case requires an additional factor of $\documentclass[12pt]{minimal}
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                \begin{document}$$\Omega (\log ^3 n)$$\end{document}$ \[[@CR5]\] speedup of boolean matrix multiplication to RNA folding.

Or close to optimal.

Using some word tricks the dot product could be computed in *O*(1)-time.
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